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(Received 9 May 1967) 
IF A COMPACT n-manifold admits a transversally oriented foliation of codimension one, then 
it has Euler number zero. This implies that the top Stiefel-Whitney class w, is zero. If the 
manifold is oriented, it also implies that the index is even 181. The object of this paper is to 
show by constructing appropriate examples that no further conditions on the Stiefel- 
Whitney or on the Pontrjagin numbers are implied by the existence of such a foliation. 
With regard to the Stiefel-Whitney numbers, this follows immediately from the theorem of 
Conner and Floyd [3] that every nonoriented cobordism class on which the top Stiefel- 
Whitney class vanishes contains a manifold fibered over the circle. Let R be the oriented 
cobordism ring and Tits torsion ideal. To study the Pontrjagin numbers, we may look at 
the quotient ring R/T. It follows immediately from the work of Conner [2] and Burdick [l] 
that R/T admits a system of generating classes Pdk such that for k > 1, Pbk has index 0 and is 
represented by a manifold fibered over the circle. Since PA has index 1, it cannot be repre- 
sented by a foliated manifold. We shall show, however, that the class 2P, contains a foliated 
manifold, that is, there exists a foliated oriented 4-manifold of index +2. This implies 
immediately that every class in !2/T with even index is represented by a foliated manifold. 
The question may be refined by noticing that the necessary conditions on the charac- 
teristic numbers are actually satisfied by each component of the foliated manifold. By 
introducing an appropriate kind of connected sum, we show that every class that contains 
a foliated manifold also contains a connected foliated manifold. Thus, we arrive at the 
following theorem. 
THEOREM. If a compact connected manifold admits a transversally oriented foliation of 
codimension 1, then its Euler number is zero, its highest dimensional Stiefel- Whitney class is 
zero, and if the man$old is oriented, its index is even. No further conditions on the Stiefel- 
Whitney or Pontrjagin numbers are implied by the existence of such a foliation. 
In $1, we shall give a preliminary construction that seems to have some independent 
interest. In $2, we construct he required 4-manifold, and in $3, we introduce the necessary 
connected sum operation. We shall consider only infinitely differentiable manifolds, maps, 
and transversally oriented foliations of codimension 1. Good basic references on foliation 
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theory are Haefliger [5] and Reeb [7]. A summary of the theory of cobordism and charac- 
teristic numbers may be found in Conner and Floyd [4]. 
The object of this section is to show how in certain cases a compact submanifold N 
transversal to a foliation may be made into a leaf by changing the foliation in its neighbor- 
hood. Because of the stability theorem of Reeb [7], it is necessary to assume that the 
fundamental group of N is infinite. We shall make the assumption that the given foliation in 
the neighborhood of N is defined by a closed l-form. This is a stronger assumption, since it 
implies that the first betti number of N is nonzero. 
PROPOSITION. Let M be an n-mantfold foliated in codimension 1. Let N be a compact 
oriented (n - I)-submanzfold with trivial normal bundle such that on the neighborhood of N, 
there exists a closed l-form co that restricts to zero on each leaf. Then there is a foliation of M 
which has N as a leaf, agrees with the given foliation outside a neighborhood of N, and is 
transversally oriented tf the original foliation is. 
Proof. We can lind a neighborhood U of N and a C” map t : U + R such that 
(i) u + (p(u), t(u)) is a diffeomorphism of U onto Nx( - E, E) where p is the projection in a 
normal tube and N = (u I t(u) = 0} 
(ii) o is defined on U 
We can also find a C” function q : R --t R such that 
v(t) = l 1 for 1 t 1 2 3 E 
0 ItI= 
rj(t) # 0 for 0 < ) t ) < 3 E 
Then 8 = q(t)o + (1 - n(t))dt is a nonzero form and de = n’(t)dt A w is a multiple of fl in the 
neighborhood of every point of U. Hence, 8 defines a foliation of codimension 1, which 
clearly agrees with the given foliation for I t I > +E and has N as a leaf. There is a unique 
vector v at each point orthogonal to the foliation such that o(v) = 1; the field of all such 
vectors defines a transverse orientation on U. Similarly, 8 defines a vector field w that gives 
the new foliation the desired transverse orientation agreeing with the original one for 
ItI >$E. 
COROLLARY. If N is a compact oriented (n - l)-submanijbld with trivial normal bundle 
transversal to thefibres of afibering of M over the circle, then there is a transversally oriented 
foliation of M having N as a leaf. 
In this section we shall construct a transversally oriented foliation of codimension 1 of a 
compact oriented 4-manifold of index + 2. In order to do this, we shall construct a 3-mani- 
fold B3, and a 4-manifold M4 with boundary B3, foliated with the boundary as a leaf, and 
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having index + 1. By joining two copies of M4 by an orientation reversing diffeomorphism 
of B3, we get the desired manifold. 
Let B3 be the total space of the differentiable principal fiber bundle over the torus T2 
with fiber the circle T’ and obstruction a generator of H2(T2; 2). It follows from the 
Gysin sequence that the cohomology of B3 is torsion free, and the first and second betti 
numbers are 2. 
LEMMA. B3 admits an orientation reversing dlyerentiable involution, bb’ith Jixed set a 
surface of genus 2. 
Proof Let p : B3 + T2 be the projection of this fiber bundle. Let DO be a point of T2 
and D, the disk of radius r in a coordinate system with origin at DO. Let X2 = T2 - D, , so 
p-‘(X’) admits a product structure X2 x T’. Let 0 be a real number module 1, making a 
coordinate system for T’. Then S(0) = X2 x (0) is a cross section over X2. Alsop-‘( D,) is 
a product D, x T’, and p-l(aD,) is a torus of which the fundamental group is generated by 
a class c1 corresponding to aD, and a class p corresponding to T’. Since the obstruction is a 
generator ofH2(T2), s(O) np-*(aD,) isacurve inthe class c1+ p. Let S*(O) = S(0)p-l(D,). 
Then S*(O) is a punctured torus, that is a compact surface of genus 1 with one boundary 
component. Since we are dealing with a principal T1 bundle, T’ operates as a group of 
diffeomorphisms of B 3, which in particular induces a diffeomorphism between S*(O) and 
s*(e + O) for any W. Then A(8) = S*(e) u S*(O + 3) is a differentiably embedded surface 
of genus 2. Also 
L(e) = u osw=<1/2 we + 4 
is a manifold with boundary A(B), and B3 = L(B) u L(B + +), the two pieces intersecting in 
their common boundary A(B). L(0) is homeomorphic to the product of the punctured torus 
with the unit interval and diffeomorphic to that space with the corners smoothed. There is a 
smooth family of curves on L(8) -p-‘(Do) such that each curve meets each of S(O), 
S(f9 + $), and s(e -t +) exactly once transversally, each curve in p-l(X’ - Dl) is an arc 
of a fiber, and for r 5 1, each lies in some set p-‘(aD,). These can be so arranged that the 
arc length of the curves goes to zero with r. A smooth involution cc may be defined on L(B) 
by reflecting each curve onto itself through its intersection with S(B + +) as a fixed point. 
01 induces an involution p on A(B), which may be viewed as an involution of the boundary of 
L(8 + &). We claim that LX may be extended across L(B + 4) in such a manner that it yields 
a smooth involution of B3 leaving S*(8 -t )) u S*(8 + 3) fixed. Let R be the rotation of 
B3 by half a circle. Then it suffices to verify that pR = R O p O R may be extended to an 
involution of ye) defined by a family of curves as before. However, /3 and /3R agree on 
L(B) n p-l(X’ - Di), and both leavep-‘(Do) fixed. Hence, they are isotopic by an isotopy 
that maps S(e) and S(O + 3) each onto itself. Using the product structure given by the 
original family of curves, this isotopy may be used to construct a new family of curves and 
hence the desired involution. This completes the proof of the lemma. 
Remark 1. If we replace T2 by any compact oriented two-manifold, the same construc- 
tion works. If the base is a sphere (Hopf fibering) we get the 2-sphere as fixed set. In 
general, we get a surface of twice the genus of the base. 
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Remark 2. We cannot construct CC to be a fiber map since we shall show that the total 
space of the disc bundle bounded by B3 has index + 1 and therefore admits no orientation 
reversing diffeomorphisms. 
Let E4 be the total space of the 2-plane bundle associated to p : B3 + T2. Since T2 
is fibered over the circle, so is E 4, and B 3 is transversal to the fibers. Hence, by the corollary 
in $1, E 4 admits a transversally oriented foliation having B 3 as a leaf. B 3 is the boundary of 
the disc bundle M4 contained in E4. We shall show that the index of M4 is defined and is 
equal to 1. Since M4 has the homotopy type of T2, its cohomology with real coefficients is 
known. Hence, by Poincare duality, the groups of (M4, B3) are known. Looking at the 
cohomology sequence of this pair, we see that 
j* : H2(M4, B3 ) + H2(M4) 
induced by the injection j of M4 into (M4, B3) is an isomorphism, so the index is well 
defined. Since the dimension of this group as a real vector space is 1, the index is + 1. By 
suitable choice of the orientation of M4, we may make it + 1. (Geometrically, the zero 
section of the disc bundle is a generator for Hz which has self-intersection umber 1 and 
does not meet the boundary.) 
Finally, we take two copies M’: and Mi of the manifold M4, and join them together 
to form W4 by some orientation reversing diffeomorphism of the boundary. By using the 
Mayer-Vietoris sequence and the homomorphisms of cohomology sequences induced by the 
inclusions j, : W4 -+ (W”, Mi), we find that 
H2(W4) rj: H2(W4, M4)@jzH2(W4, M4). 
The cup product between terms is zero, while on each term individually it behaves like 
the cup product on the group H ‘(Md;_, , B 3, to which it is isomorphic by excision, Thus, we 
get + 1 for the index of each term separately, and +2 for the index of W4. This completes 
the proof that W4 has all the required properties. 
03 
In this section we introduce a connected sum operation that preserves the existence of a 
foliation of codimension 1. Now every foliation of codimension 1 of a compact manifold 
admits a smooth Jordan curve transversal to the leaves [5]. Moreover, any such curve has a 
neighborhood which is a product of the 1 sphere S’ with the disc D”-l, where each disc lies 
on a leaf. The foliation on this neighborhood is a fibering over the circle, so the coroi- 
lary of section 1 applies to give a foliation of this neighborhood having a leaf of the form 
S1 x Sne2. Given two disjoint foliated manifolds, we can make this construction on each 
one, thus getting an embedding of S’ x So x D”-’ in their union. On the other hand, 
S l x D 1 x S”-’ can clearly be foliated with the boundary as a leaf. Thus we can cut out the 
interior of S’ x So x D”-‘, insert S’ x D’ x S”-‘, and get a new manifold with one less 
component. A slight modification of the proof for ordinary surgery shows that the manifold 
this constructed is cobordant o the original one [6]. Iterating the construction afinite number 
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of times, we get a connected foliated manifold cobordant to a given foliated manifold. This 
completes the construction. 
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